A NOTE ON GEOMETRIC CONSTRUCTIONS OF 
BI-INVARIANT ORDERINGS 

TETSUYA ITO 

<N 

^. ■ Abstract. We construct bi-invariant total orderings of residually torsion-free 

^\ ' nilpotent groups by using Chen's iterated integrals. This construction can be 

h^ , seen as a generalization of the Magnus ordering of the free groups, and equiva- 

^H , lent to the classical construction which uses an iteration of central extensions. 

f^ ■ Our geometric construction provides a connection between bi-orderings and 

/f\ ' the rational homotopy theory. 
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1. Introduction 



A total ordering < of a group G is called left-invariant (resp. right-invariant) if 
the relation < is preserved by multiplication of G from left (resp. right). That is, 
a < b implies ca < cb (resp. ac < be) for all a,b,c £ G. If the ordering is both left- 
and right- invariant, the ordering is called bi- ordering. The group G is said to be 

C^ ' bi-orderable if G has a bi-ordering. 

The most simple way to define a total ordering is to use the lexicographical or- 
dering. Let {vi : G —> K}igi be a family of maps, not necessarily a homomorphism, 

qq \ indexed by a well-ordered set 1. We say {uj}igx is a lexicographical expression of 

(T) ■ a total ordering < of G if a < b is equivalent to the sequence of reals {vi(b)}i & x 

is bigger than the sequence of reals {i>i(a)}j 6 x with respect to the lexicographical 

£~J ■ ordering of M. 1 . 

f^ \ One of the typical but non-trivial examples of bi-orderings is the Magnus ordering 

of the free groups. Let F n be the rank n free group generated by {xi, . . . , x n } and 
fi : F n — > M.((Xi, . . . , X n )) be the Magnus expansion which is an injective homo- 
morphism defined by n(xt) — 1+Xi (See [5]). Here K((Xl, . . . , X n )) represents the 
algebra of non-commutative formal power series of variables {X\, . . . , X n }. Let I 
be the set of monomials of R((Xi, . . . ,X n )). We define the DegLex-ordcring <Degi_ex 
on I as follows. For monomials Xj = Xi x ■ ■ ■ Xi k and Xj = Xj x ■ ■ ■ Xj t we define 
Xj <DegLex Xj if k < I, or fc — I and the sequence of integers (ji, . . . ,jk) is bigger 
than (ii , . . . , ik) with respect to the lexicographical ordering of K fe . For a monomial 
I € I, let vf : M.((Xi, . . . , X n )) ->Rbea map defined by vj(I]j e x rj ■ J) — ri and 
let vi — vjo fi : F n — > R. The Magnus ordering <m is a total ordering of F n defined 
by a lexicographical expression {f/}/gi. It is known that the Magnus ordering is 
bi-ordering. See [TU] for details. 

A group G is called residually torsion-free nilpotent if Goo = Pli>i ^» = {!}> 
where Gk is the fc-th dimension subgroup of G defined by Gk = {g S G\g — 1 G J k }. 
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2 TETSUYA ITO 

Here J denote the augmentation ideal of the group ring ZG. The free group is a 
typical example of residually torsion-free nilpotent groups. 

The aim of this paper is to provide a new geometric point of view for bi-orderings 
of residually torsion-free nilpotent groups. In section 3, we construct bi-orderings 
which we call holonomy orderings by using the universal holonomy map, which is 
derived from Chen's iterated integral theory. Chen's iterated integral theory will be 
reviewed in section 2. Our constructions turn out to be equivalent to the classically 
known construction of bi-orderings which uses group extensions (Proposition [I}, so 
our construction provides a geometrical background of the classical construction. 

Since Chen's iterated integral theory is closely related to the rational homo- 
topy theory, holonomy ordering construction provides new relationships between 
bi-orderings and the rational homotopy theory. For example, we will show that 
finite type invariants of the pure braid group P n provides a lexicographical expres- 
sion of a bi-ordering of P n (Proposition [3] ) . In section 4 we study properties of 
holonomy orderings, and provide a generalization of holonomy ordering construc- 
tion. 

Acknowledgments. The author wishes to express his gratitudes to Toshitake 
Kohno for many useful conversations. This research was supported by JSPS Re- 
search Fellowships for Young Scientists. 

2. Chen's iterated integral and holonomy representation 

In this section we briefly review Chen's iterated integral theory. For details, see 
PJ. We restrict our attention to smooth manifolds, although there is a generalization 
of Chen's iterated integral theories for simplicial complexes [4], and our methods 
can also be applied for such a general iterated integrals. 

2.1. Iterated integrals. Let M be a connected smooth manifold with a base 
point. We denote the de Rham DGA of M by A* DR (M) and the based loop space 
of M by CIM. Let A q be the standard g-dimensional simplex defined by 

A q = {(*!, . . . , t q ) G R g | < h < ■ ■ ■ < t q < 1}. 

and ev : VIM xA,^ M q be the evaluation map defined by 

eu(7, (ti,..., t q )) = (7(*i), • • • , l(t q )). 

Formally, the iterated integral map J is defined as the composition 

A* DR (M)® k A A* DR (M k ) % A* DR (A k x HM) nf A* DR (QM) 

where x is a cross-product and J A is an integration along fiber. 

In this paper, we mainly use iterated integrals of 1-forms. For 1-forms we have 
more explicit description of iterated integrals. Let Wi, . . . , u> m be 1-forms of M, and 
7 : / — > M be a piecewise smooth path. Let us denote the pull-back of uji by 7 by 
7*Wi = ai{t)dt. Then the iterated integral J lj\- ■ -uj q along 7 is explicitly written 
as the multiple integral 

ui---u q = / oi 1 (t 1 )a 2 (t2) ■ ■ ■ a q (t q )dt 1 dt 2 • ■ ■ dt q . 

7 JO<ti<---<t q <l 
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2.2. Formal homology connection, Chen's holonomy map. In this section 
we define Chen's universal holonomy map. See [^ chapter III for details. 

From now on, we always assume that the real homology group of M is hnitc 
dimensional. Let {^1, . . . , X m } be a homogeneous, ordered basis of H*(M; R) such 
that {X±, . . . , Xk} forms a basis of H\{M\ R). 

Let J be the augmentation ideal of TH, the tensor algebra of H and TH = 
\\mTH/J N be the nilpotent completion of TH. Then TH is identified with the 
algebra of non-commutative formal power series R((Xi, . . . ,X m )). Let J be the 
nilpotent completion of the augmentation ideal J of TH, which is an ideal of TH 
which consists of formal power series with zero constant term. We define a grading 
of TH by the formula deg X\ ■ ■ ■ Xk — pi + ■ ■ ■ + Pk — k where pi is the degree of 
X h and define the involution e : A* DR {M) -> A* DR (M) by e(w) = (-l) degw u;. 

Let 5 be a degree 1 derivation of TH and 57 = V, ,. uii,...i„Xi, ■ ■ ■ X; be an 

element of A* DR {M) (g) TH. We call a pair (w, <5) is a formal homology connection if 
the following three conditions hold. 

(1) 5X, e J 2 . 

(2) deg Wij.-i,, = degX^ ■■■X ip . 

(3) dw + 5uJ = e(57) A 57. 

Such a pair (57, (5) always exists and we can choose 57 so that the coefficient w, 
represents the cohomology class which is the dual of Xi S iJ*(A/;R). In fact, 
formal homology connections are inductively constructed from the de Rham DGA 
A* DR (M). There are many choices of formal homology connections, but in some 
cases there is a canonical choice of a formal homology connection. For example, if 
M is a compact Riemannian manifold, one can find a canonical formal homology 
connection by using the de Rham- Hodge decomposition of A* DR (M). 

Let K be the degree part of TH. K is identified with TH[ = R((X U . . . ,X k )), 
the nilpotent completion of the tensor algebra of H\{M] R). Let to be the degree 
part of the formal homology connection 57 and J\f be the degree part of S(TH), 
which is an ideal oflZ. Let us denote the quotient algebra TZ/Af (resp. TZ/(Af+J)) 
by R (resp. Rk)- We remark that R is nothing but the 0-th homology group of 
the complex (TH,S). The (Chen's) holonomy representation is a homomorphism 
9 : vri(Af) ->-iJ defined by 

e([ 7 ]) = 

and the order k holonomy representation is a homomorphism 0^ : m{M) — > Rk 
defined by 




© fc ([7]) = l + E/ 



WW' • ■ U) 

Chen's results are summarized as follows. 

Theorem 1 (Chen |2|). Let Q, @k be as above. Then, 

(1) KerQ = 7ri(M)oo and Ker@ k = ni(M) k . 

(2) Q induces an isomorphism of Hopf algebra O : M.ttm — > R, where TSLitm is 
the nilpotent completion of the group ring Wtti(M). 
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(3) 0fc induces an isomorphism of Hopf algebra Ok : M.tti(M)/ J k — » Rk- 

Thus, if TTi(M) is residually torsion-free nilpotent, then the universal holonomy 
map is injective. 

Remark 1. If M is simply connected (more generally, if M is a nilpotent space), a 
formal homology connection computes the homology group of the based loop space 
HM. More precisely, there exists a natural isomorphism of Hopf algebra 

Remark 2. To define the holonomy map, we do not need the whole formal ho- 
mology connection (oJ,S). Only we need is the degree and 1 parts. From the 
construction of formal homology connection, the degree < 1 part is computed by 
using Ajj R (M), the degree < 2 part of de Rham DGA. In particular, it is sufficient 
to assume that iJ<2(M;R) is finite dimensional. 

We say M has a quadratic formal homology connection if the ideal J\f is qua- 
dratic. That is, the ideal N is generated by elements of H\(M) <g> Hi(M). Let 
U* : H 2 (M) -> H X {M) ® #i(M) be the dual of the cup product. It is known that 
the quadratic part of the ideal N is generated by the image of U* . Thus, if M has a 
quadratic formal homology connection, then the ideal Af is determined by the cup 
products. 

The condition that M has a quadratic formal homology connection is equivalent 
to the condition that M is formal in the sense of Sullivan's rational homotopy 
theory pT|. That is, the cohomology algebra Hp R (M) viewed as DGA having zero 
differential is quasi-isomorphic to the de Rham DGA A* DR (M). 

3. Holonomy construction of bi-invariant orderings 

In this section we give a construction of bi-invariant orderings by using Chen's 
holonomy map, and provide some examples. 

3.1. Definition of holonomy orderings. Let M be a connected smooth manifold 
and G be its fundamental group. We always assume that iI<2(M;R) is finite 
dimensional and use the notations in section 2. 

Let R = J^R D !F X R D ■ ■ ■ be the decreasing filtration of R induced by the 
powers of the ideal J. This filtration is multiplicative, that is, T k R ■ T R C J- k+l R 
holds. Let us choose a subspace R l of R so that T k = (B i>fc R 1 holds. Then this 
filtration defines the grading R = (B°^ R 1 - 

Let B = {vi}i£i be an ordered, homogeneous basis of R such that the degree is 
non-decreasing. That is, degVi < degVj if i < j. Let {v* : R — > M}igi be the dual 
basis of R. We denote by <g the total ordering of the vector space R defined by the 
lexicographical expression v* . That is, for a,b £ R, we define a <g b if the sequence 
of reals {v*(b)} ie x are bigger than {v*(a)} ie x with respect to the lexicographical 
ordering of M. x . 

The holonomy ordering is a total ordering < of G/Goo defined by a < b if 
@( a ) <B 6(6). In other words, the holonomy ordering is an ordering defined by the 
lexicographical expression \y* o 0}i g x- The following theorem is the main result of 
this paper. 

Theorem 2. The holonomy ordering is a bi-invariant total ordering of G /Goo- 
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Proof. First observe that from the definition of Chen's holonomy map 0, the image 
of O lies in 1 + F l (R). Now assume that a < b for a,b G G. Then we can write 
their images as 

6(a) = 1 + A Kl + A, + A >h Q{b) = 1 + A <t + B t + B >t 

where A<i (resp. Ai, A>i) is degree < i (resp. i, > i) part. Since a < b, Ai <& Bi 
hold. We show the left-invariance of the holonomy ordering <. The proof of right- 
invariance is similar. For jeG, let us denote its image by @(g) — 1+G <i +G i +G >i 
where G<j (resp. Gi,G>i) represents the degree < i (resp. i, i >) part. Since Ri 
Rj c J- l+J R, the degree < i part of Q(ga) is the degree < i part of 0(g) • (1 + A <{ ) 
Similarly, the degree i part of <d(ga) is given by Ai + d + [(1 + A<,-)(1 + G<^)]i 
where [(1 + A<i)(l + G<i)]i represents the degree i part of (1 + A<i)(l + G<i). 

On the other hand, the degree < i part of Q{gb) is the degree < i part of 0(.g) 
(1 + A <i), and the degree i part oiQ(gb) is given by i?i + Gi + [(l + J 4<i)(l + G<i)]i 
Thus, 0(.g6) — Q(ga) — Bi — A- L + (higher parts), so we conclude ga < gb. □ 

This provides a geometric proof of bi-orderability of residually torsion-free nilpo- 
tent groups. 

Corollary 1. If a group G is residually torsion-free nilpotent, then G is bi-orderable. 

The map v* o : G — y M. is written as the iterated integral [7] n- J u\ ■ ■ ■ u>k 
of some 1-forms wi, . . . , Wfc. Thus, the lexicographical expression of the holonomy 
ordering is given as the iterated integrals. 

3.2. Comparison with classical construction of bi-orderings. We compare 
the holonomy ordering construction and the classical construction of bi-orderings for 
residually torsion-free nilpotent groups which use an iteration of group extension. 
The classical construction is based on the following lemma, whose proof is routine 
(see 0). 

Lemma 1. Let H, K be a bi-orderable group and 1—yH—tG—tK—tlbea 

group extension. For a bi-ordering <k of K and a bi-ordering <h of H , define an 
ordering < G of G by g < G g' if p(g) < K p(g') or, p(g) = p(g') and 1 < G .g~V . // 
<h is invariant under the action of G, that is, for all h,h! € H h <h h' implies 
ghg^ 1 <h gh'g^ 1 for all g G G, then < G is a bi-ordering. 

Now using LcmmaHl we construct a bi-ordering of a residually torsion-free nilpo- 
tent group G as follows. We inductively construct a bi-ordering <k of G/Gk for 
each k > 0. To begin with, GjG\ — {1} so let <i be the trivial bi-ordering. 

To define </c+i, first we choose a bi-invariant ordering <' k of torsion- free abelian 
group Gk/Gk+i- Observe that there is a central extension 

1 -> G k /G k+1 -> G/G k+1 -*• G/G k ->■ 1. 

From this central extension and bi-orderings < k , <' k , we construct an ordering 
<fe+i of G/Gfc+i as in Lemma [TJ Since the extension is central, the assumption of 
Lemma [1] is satisfied so <fc+i is indeed a bi-ordering. 

Since G is torsion- free nilpotent, the sequence of bi-orderings < k defines a bi- 
ordering <q of G. We call this bi-ordering <c an iterated extension ordering of G 
derived from {<' fe }- 

Now we show this iterated extension construction is equivalent to the holonomy 
construction given in section 3.1. 
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Proposition 1. Let G = -k\{M) be a residually torsion-free nilpotent group. Then 
each holonomy ordering is an iterated extension ordering and conversely, each it- 
erated extension ordering is a holonomy ordering. Thus, the holonomy ordering 
construction is equivalent to the iterated extension ordering construction. 

Proof. We use notations in section 2 and 3.1. Let {vi} be an ordered, homoge- 
neous, degree non-decreasing basis of R which defines a holonomy ordering <h- 
By definition of Ri, the universal holonomy map provides an isomorphism (G&/ 
Gfc+i) (g>M = Ri. So we can regard Gk/Gk+i as an integer lattice of Ri. Let < k be 
the restriction of the ordering <h to Gk/Gk+i- Then <' k is a bi-ordering, and the 
holonomy ordering <h is nothing but the iterated extension ordering derived from 
this sequence of orderings {<fc}- 

Conversely, let <c be an iterated extension ordering of G derived from {<^}. 

Then the ordering <' k is naturally extended as a bi-ordering <' k of (G/c/Gfc + i)(g>R = 
Ri. Let us take an ordered basis {v(fc),j}i=i,2,... of Rk so that the dual basis {v? k <, t } 

gives a lexicographical expression of the ordering <' k . Now by correcting the basis 
{ v (k),i} °f Rk for all k, we obtain an ordered, homogeneous, degree non-decreasing 
basis {vi} of R. The holonomy ordering defined by the basis {«;} is identical with 

<Q. □ 

Now we show that the holonomy ordering construction is indeed an extension 
of the Magnus ordering of the free group F n . The following proposition is directly 
obtained from Proposition [TJ because the Magnus ordering is an iterated extension 
ordering. However, here we present a different and direct proof which is based on 
the fact that Magnus expansion is equivalent to Chen's holonomy map. 

Proposition 2. The Magnus ordering <m of the free group is a holonomy ordering. 

Proof. Let D n be the n-punctured disc and {x±, . . . , x n } be a generator of TTi(D n ) = 
F n . Take 1-forms Wi,.. .,w„ of D n so that their representing cohomology classes 
{[u)i]} are dual to {xi}, and they satisfy the equation w* A Uj = 0. Then, the 
formal homology connection is taken as (lu — Y^L^i^^i,®) and the holonomy 
representation defines an injective homomorphism 

Q:F n ^R((X l ,...,X n )). 

Let us denote @(xi) = 1 + X, + X- , where X- is the degree > 2 part. 

Let B be DegLex-ordered monomial basis of R = ((Xi, . . . ,X m )), and < be 
the holonomy ordering defined by (w, 0) and B. Let a be an automorphism of 
M((Xi, . . . , X„}} defined by a(X;) = X + xf 2 . Then 9 = qo/j holds. For each 
element x 6 M((Xi, . . . ,X„)), a preserves the lowest degree part of x. Hence if 
a <m b then a < b holds, so these two orderings are identical. □ 

3.3. Application: bi-ordering of pure braid groups and finite type invari- 
ants. In this section we describe a relationship between holonomy orderings and 
finite type invariants of pure braids. This relation is based on the work of Kohno 
[7], which relates iterated integral and finite type invariants of braids. For details 
of pure braid groups and their finite type invariants, see [7]. 

For 1 < i < j < n, let Hij = ker (z, — Zj) be a hyperplane of C™. The hyperplane 
arrangement A n = {Hij \ 1 < i < j < n} is called the braid arrangement. We denote 
by M_4 the complement of the arrangement C n — {j HeJ ^ H. The fundamental group 
of Mj[ is the pure braid group P n , and residually torsion-free nilpotent. 
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First of all, let us review the definition of finite type invariants. A singular 
pure braid is a pure braid having transversal double points. We denote the set of 
singular pure braids having k singular points by S k P n and let SP n = [j k>Q S k P n . 
Each map v : P n — >• R can be extended to the map v : SP n — > R by defining 
v(y\) = v(y\) — vC\). A map v is called a finite type invariant of order k if 
v(f3) — for all (3 G S~ k P n . Let 14(P n ) be the set of order k finite type invariants 
and V{P n ) = Ufc>o Vk(Pn) be the set of all finite type invariants. Then Vk(P n ) and 
V(P n ) are R- vector spaces. 

Finite type invariants and holonomy orderings are related as follows. 

Proposition 3. Let B = {wijigx &e &n ordered basis ofV(P n ) such that the order 
of Vi are non- decreasing. Let us define a total ordering <g of P n by a <g j3 if 
{vi(/3)}i G x is bigger than {vi(a)}i^x with respect to the lexicographical ordering. 
Then <g is a holonomy ordering, hence bi-invariant total ordering. Thus, the 
sequence of finite type invariants {vi}i£i gives a lexicographical expression of a 
holonomy ordering of P n . 

Proof. Let : P n — > R be a holonomy map. There is a natural isomorphism 
V k (P„) = Hom(RP„/J fc+1 ,R), so R* = Hom R (P,R) = V(P n ) 7\. Therefore a 
degree non-decreasing dual basis of the algebra R corresponds to an order non- 
decreasing basis of V(P n ). Thus the basis B provides a lexicographical expression 
of a holonomy ordering of P n . □ 

Remark 3. The holonomy map O : P„ — > R is known as the universal finite type 
invariant of the pure braid groups (the universal representation of the quantum 
group representations of pure braid groups), which is a prototype of the Kontsevich 
invariant of knots. By using the Drinfel'd associator, we can construct the universal 
holonomy map over the rationals in more explicit form [8]. In particular, the 
conclusion of Proposition [3] holds for Q- valued finite type invariants. 

4. Properties of holonomy orderings and generalization 

In this section we study structures and properties of the holonomy orderings, 
based on the relationship between Chen's theory and rational homotopy theory. 

4.1. General case. First of all, we study properties of holonomy orderings for gen- 
eral spaces. The following proposition is a refinement of famous Stallings' Theorem 

B2I- 

Proposition 4. Lf H 2 (M;M.) — 0, then 71"! (M) contains the rank b\(M) free group 
F such that the restriction of a holonomy ordering < to F is the Magnus ordering, 
where b\{M) is the 1st Betti number of M . 

Proof. Let {Xi, . . . ,X m } be a basis of Pi(M;R) and {gi, . . . ,g m } be elements 
of tti(M) such that h(g { ) = JQ, where h : tt\(M) — > H 1 (M;M.) is the Hurewicz 
homomorphism. Let £>Degi_ex be an ordered basis of R = {{Xi, . . . , X m )) which 
consists of the monomials of R and ordered by the DegLex-ordering. Let us choose 
1-forms {wi, . . . ,w m } on M so that their representing cohomology classes are dual 
to {Xi, . . . , X m }. Take a formal homology connection uj = Xh=i w i + ' ' ' ■ Since 
P 2 (M;R) =0, the ideal AT must be trivial. Let 8 :tti(M) ->-H = M.((Xi,...,X m }) 
be the holonomy map. We denote the holonomy ordering with respect to the basis 
-BpegLex by <m- Let F be a subgroup of G generated by {gi, . , . ,g m }. Then 
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Q(gi) = 1 + Xi + (Higher term), so as in the proof of Proposition [21 we conclude 
that F is the rank m free groups, and the restriction of <m to F is the Magnus 
ordering. □ 

One of the benefits to consider the holonomy orderings is that we can associate 
the properties of groups with the properties of manifolds (topological space having 
the given group as its fundamental group) . 

Theorem 3. Let N be a smooth manifold which is a retract of M and t,\ N c -^ M 
be the inclusion. Then for each holonomy ordering <n of -k\{N), there exists a 
holonomy ordering <m of "K\{M) such that the restriction of <m to t*(7Ti(iV)) is 
<jv- Thus, every holonomy ordering of N can be extended as a holonomy ordering 
ofM. 

Proof. Let (w/v, 6n) be a formal homology connection of N and Bn be an ordered, 
degree non-decreasing basis of Rn which defines the holonomy ordering <pf. Let 
r : M — >■ N be a retraction. Since N is a retract of M, the de Rham DGA of M 
is written as a direct sum A* DR (M) = r*A* DR (N) ® A' for some DGA A'. Thus, 
we can construct a formal homology connection (u^, 6 m) so that it is an extension 
of (ojjv,(5/v). Hence, the non-commutative algebra Rm is also written as a direct 
sum Rm = Rn © R' for some non-commutative algebra R' . Let Bm be an ordered, 
degree non-decreasing basis of Rm obtained by adding vectors to l*(Bn)- Then the 
holonomy ordering defined by (ojm,8m) and Bm is an extension of the holonomy 
ordering of < at. □ 

4.2. Formal space case. In this section we study properties of holonomy orderings 
for formal spaces. In the case of formal space, the structure of holonomy ordering 
is determined by the cohomology algebra, in particular the cup product of the 1st 
cohomology groups. 

Theorem 4. Assume that M and N are formal and that there exists a continuous 
map i : N — >■ M which satisfies the following conditions. 

(1) i* : H< 2 {N;M.) ->■ H< 2 (M;R) is injection. 

(2) t* induces a decomposition _ff<2(Af;M) = i„iJ<2(-/V;R) © A which preserves 
the dual of the cup product. That is, U*(t*iJ 2 (iV; E)) C t*J?i(iV;E) ® 
i*Hi(N;TBL) and U*(A 2 ) cii®ii hold. 

Then t* : ni(N) — > ni(M) is also injection, and each holonomy ordering <^r can 
be extended as a holonomy ordering <m of~K\{M). 

Proof. First observe that i induces an injection Ti : THi(N) — ► THi(M). More- 
over, since M and N are formal, M and N have quadratic formal homology con- 
nections. Fix such a quadratic formal homology connection, and let 0^ : ni(N) — ¥ 

flh{N)/J\f N = R N and 9 M : wi(M) -> THJN)/Af M = Rm be holonomy maps. 

Now the ideal A/"at and Mm are generated by the image of the dual of the cup 
products. Thus from the assumption we conclude that Mm — i*Mn + a holds, 
where a is an ideal generated by L)*(A2). Hence we conclude that Tc induces an 
injection Tt* : Rn c ^> Rm, thus t* : tti(N) — > 7Ti(M) is also an injection. 

Let Bn be the ordered degree non-decreasing basis of Rn, which defines a ho- 
lonomy ordering <jv of ni(N). By adding vectors to l*Bn, we form an ordered 
degree non-decreasing basis Bm of Rm- Then the holonomy ordering <m defined 
by the basis Bm provides an extension of the holonomy ordering <jv- □ 
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Example 1. Assume that M is a formal space and the cup product U : iJ 1 (M; R)<g) 
H 1 (M; R) ->■ H 2 (M ; R) is the zero map. Then, by Theorem|l(take N as the &i(M)- 
punctured disc), we conclude that 7Ti(M) contains the rank b\ (M) free group F, 
and every holonomy ordering of F can be extended as a holonomy ordering of M. 

4.3. Generalizations of holonomy ordering and examples. We close the pa- 
per by providing a generalized construction of the holonomy ordering construction 
which can be seen as a special case of group extension construction described in 
Lemma [1] 

We call an ordered basis B = {uijigz of Rm = R7TiM is bi-ordering basis if 
{v* o 0M}iex is a lexicographical expression of a bi-ordering < of wi(M)/tti(M) 00 , 
Theorem [5] shows that if B is degree-non-decreasing homogeneous basis, then B is 
bi-ordering basis. 

Now we construct a bi-ordering basis which is not degree non-decreasing by 
using quasi-nilpotent fibration. Let B and F be connected manifolds having the 
residually torsion- free nilpotent fundamental groups, and assume that 7r 2 (i?) = 1. 
A fibration F — >• E — >• B is called a quasi-nilpotent fibration if tti(B) acts on 
Hi(F;R) nilpotently. 

We can construct a bi-ordering basis of Re = M.tti(E) as follows. First of all, let 

us take an arbitrary bi-ordering basis {vf}jej of Rb = M.%i(B). Since tt\(B) acts 
on Hi(F;M) nilpotently, this fibration induces an exact sequence of the nilpotent 
completions of the fundamental groups [1] . 

1 — ► Rf — y Re — ^ Rb — ^ 1- 

Since tti(B) acts on Hi(F;M) nilpotently, there is a basis {Xi, . . . ,X m } of 
H X (F;M) such that g(X t ) = X t + Y17>i a i' X i' holds for a11 9 e ^i{ B )- Let us 
choose an ordered, degree non-decreasing basis {vf}i e x of Rf = R7Ti(F) as the 
subset of the DegLex-ordered monomials of R((Xi, . . . , X m )). 

Now we are ready to give a bi-ordering basis of Re- Let us take an ordered basis 
{vfvf}(j,i)^jxx 0I Re- Here the ordering of J x I is the lexicographical ordering 
defined by (J,i) > {j',i') if and only if j > j' , or j = j' and i' > i. From the 
choice of the basis {vf}, g(v[) = vf + J2i'>i c i' v i' holds for all g G wi(B), and 
vf ■ vf = vfvf + Yl,i> >i v f v (> ■ Tn is implies that the basis {vfvf }(j t i) & j x i is a 
bi-ordering basis. 

Thus, we can construct a bi-ordering basis and bi-ordering using a sequence 
of quasi-nilpotent fibration. We call such a bi-ordering < generalized holonomy 
orderings. In algebraic point of view, this is a construction of bi-ordering of 7Ti (E) 
from bi-orderings of iri(F) and n\(B) and is a special case of a group extension 
construction described in Lemma [T] 

We close the paper by giving an example of known bi-orderings which are in fact 
a generalized holonomy ordering. 

Example 2 (The fundamental groups of fiber- type arrangements [6]). Recall that 
a hyperplane arrangement A — {Hi} of C" is called a fiber-type arrangement if its 
complement Mj, = C™ — \J H eA H has a tower of fibrations 

M A = M n P A M n -i P ^ 1 • • • ^ A/i = C - {0} 

where each fiber Fk of pk is homeomorphic to C — {finite points}. See [3] for 
the precise definition. The braid arrangement is a typical example of fiber-type 
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arrangement. It is known that for each fibration pk, the action of 7ri(Mfe_i) on 
Hi(Fk) is trivial [3\ In particular, each fibration is quasi- nilpotent. 

Thus, by using the tower of quasi-nilpotent fibrations we can construct a bi- 
ordering basis of Rm a — Rtti(M^), and bi-ordering of K\{Mj). 

On the other hand, in [B] Kim-Rolfsen constructed a bi-ordering of iri(MX) by 
using the tower of quasi-nilpotent fibrations and the group extension construction 
(Lemma [J). Thus Kim-Rolfsen's bi-ordering can be seen as a generalized holonomy 
ordering. 

References 

[I] A.K. Bouesfield and D.M.Kan, Homotopy Limits, Completions and Localizations, Lecture 
Note in Math. Vol 304 (1972) 

[2] K.T.Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977), 181-210. 

[3] M.Falk, R.Randell, The lower central series of a fiber-type arrangement, Invent. Math. 82 
(1985), 77-88. 

[4] R.Hain, The de Rham homotopy theory of complex algebraic varieties I, K-theory, 1, (1987), 
271-324. 

[5] W.Magnus, A.Karrass. D.Solitar Combinatorial group theory, J. Wiley and sons, New York, 
1966. 

[6] D.Kim, D.Rolfsen, An ordering for groups of pure braids and fibre-type hyperplane arrange- 
ments, Canadian J. Math. 55 (2002), 822-838. 

[7] T.Kohno, Vassiliev invariants of braids and iterated integrals, Advanced studies in Pure Math. 
27 (2000), 157-168. 

[8] T.Kohno, Bar complex, configuration spaces and finite type invariants for braids, Topology. 
Appl. 157 (2010), 2-9. 

[9] P.Linncll, A. Rhemtulla and D.Rolfsen, Invariant group orderings and Galois conjugates, J. 
Algebra, 319 (2008), 4891-4898. 

[10] D.Rolfsen and B.Wiest, Free group automorphisms, invariant orderings and topological ap- 
plications, Algebr. Geom. Topol. 1 (2001), 311-320. 

[II] D.Sullivan, Infinitesimal computations in topology, Publ. Math. I.H.E.S., 47 (1977), 269-331. 
[12] J. Stallings, Homology and central series of groups, J. Algebra, 2 (1965), 170-181. 

Graduate School of Mathematical Science, University of Tokyo, Japan 
E-mail address: tetitohOms.u-tokyo.ac.jp 
URL: http : //ms . u-tokyo . ac . jp/~tet itoh 



